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NONRELATIVISTIC APPROXIMATION IN THE PAULI – FIERZ THEORY FOR 

A SPIN 3/2 PARTICLE IN PRESENCE OF EXTERNAL FIELDS 

 

In the present paper we derive the nonrelativistic equation for spin 3/2 particle 

in presence of external electromagnetic and gravitational fields.  

We start with the relativistic system of equations for wave function with transformation 

properties of vector-bispinor 

 

 5 1
( ) = 0,

2

can l l

k c a n a n li D M   
 

  
 

т  (1) 

 

= /M mc , ( ) [ ]

1
= ( ) ( ) .

2

ps ps

a a ps aD e ieA I I j

          

 

With the use of six matrices 
[ ]= ( )can ca n

k kт , eq. (1) may be presented as follows  

 
5 [ ]( ) ( ) = 0.ca n l l

k c a n a n li D M         

 

The above equation may be presented as 

 
0 1 2 3

0 1 2 3( ) = 0.Y D Y D Y D Y D iM      

 

First we restrict ourselves to Minkowski space and Cartesian coordinates. The wave 

function is presented as (the index A is bispinor one, and the (n) is vector one)  

 

0 1 2 3

0 1 2 3
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0 1 2 3

0 1 2 3
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0 0 0 0 1 1 1 1 2 2 2 2 3 3 3 3= { , , , ; , , , ; , , , ; , , , }.f g h d f g h d f g h d f g h d  

 

We can prove that the minimal equation for the matrix 
0

0=Y Y  is 2 2

0 0( 1) = 0.Y Y   

Therefore, we can define three projective operators  

 

2 2 2

0 0 1 0 2 0

1 1
=1 , = = ( 1), = = ( 1).

2 2
P Y P P Y Y P P Y Y       

 

They are found in explicit form, further we get presentation for three projective 

constituents 

 

0 0= , = , =P P P         . 

 

When performing the non-relativistic approximation, we should consider the   as 

large components, whereas   and 0  as small. Let us consider expressions for large 

variables. There exist only 4 independent ones:  

 

3 6 1 4 5 2= , = .iL L L iL L L   

 

In accordance with the general method, we are to separate the rest energy:

0 0( ).D iM D     

The nonrelativistic approximation is posible in space-times with the following metric  

 

 2 0 2

( )

( )

1 0
= ( ) ( ) , ( ) =

0 ( )

i j

ij a

i k

dS dx g x dx dx e x
e x ; (2) 

 

in such models expressions for connections become simpler 

 

0 ( ) 0 ( ) ( ) ( )

1 1
= ( ) , = ( ) .
2 2

ik m ik m

i k m l i l k mJ e e J e e     

 

The contribution of 0kJ  vanishes. Let us derive a generally covariant nonrelativistic 

equation for the spin 3/2 particle in any space with the structure (2). To this end, we turn to 

transformation properties of the nonrelativistic wave function under the 3-dimensional rotation 

group. With this restriction, the transformation rules simplify (2-spinors entering the 4-spinor 

transform equally) 

 

 

1(0) 1(1) 1(2) 1(3)

2(0) 2(1) 2(2) 2(3)

1(0) 1(1) 1(2) 1(3)

2(0) 2(1) 2(2) 2(3)

, ;
F F F F

F F F

 



   

     
 : :  (3) 

 

so we get = , = , = ( ) , = ( ) ,B B B O F B O F          where the matrices B andO  

describe 3-rotations for 2-spinors and 3-vectors. In (3), let us preserve only the large components 

  it suffices to follow only two first rows. For generators: 
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= ( / 2) , =1,2,3,j j jJ i I I V j     

 

we readily find 6-dimensional representations 
 

11 1

12 3

13 5

1
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22 4

23 6

2 3

0 0 0 / 2 0 0
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0 1 0 0 0 / 2
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0 0 1/ 2 1 0 0 0 0 0 0 0 /

L i

L i

L i
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L i

L i

L i
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We find commutators  
 

1 2 2 1 3 3 2 3 3 2 1 1 3 1 1 3 2 2= , = , = ,J J J J J K J J J J J K J J J J J K       

 
also we find the identities 

 
2 2 2

3 2 1= , = , = ,K I K I K I    

 

and 
 

2 3 3 2 3 1 1 3 1 2 2 1= 0, = 0, = 0K K K K K K K K K K K K   , 2 3 1 3 1 2 1 2 3= , = , =K K K K K K K K K . 

 

The commutation relations  
 

2 3 3 2 1 3 1 1 3 2 1 2 2 1 3= 2 , = 2 , = 2K K K K K K K K K K K K K K K   , 

 

after transition to = / 2i iS K  take the form of the algebra SO(3): 

 

2 3 3 2 1 3 1 1 3 2 1 2 2 1 3= , = , = .S S S S S S S S S S S S S S S    

 

We readily obtain the identity 
 
2 2 2 2

1 1 2 2 3 3 1 2 3( ) = ( )K D K D K D D D D       

2 3 2 3 3 2 3 1 3 1 1 3 1 2 1 2 2 1( ) ( ) (K K D D D D K K D D DD K K DD D D      ), 

 

whence it follows 
 

 2 2 2 2

1 1 2 2 3 3 1 2 3 23 1 31 2 12 3

1 1
( ) = ( ) ( ),

2 2

ie
K D K D K D D D D F S F S F S

M M M
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which has the structure of the non-relativistic Hamiltonian in 6-demensional form. We can prove 

that (4) indeed reduces to the known nonrelativistic equation for the spin 3/2 particle. 

To this end, let us start with the explicit form of equation (4) (let ie /2M= , and take 

into account the constraints 3 1 6 4 2 5= ( ), = ( )L iL iL L iL iL   ). We divide 6 equations into two 

groups. In each group, only two equations are independent: 

 

2

0 1 6 1 6 23 2 5 31 2 5 12 1 6

1
( ) = ( ) ( ) ( ) ( ),

2
iD L L D L L F iL iL F L L F iL iL

M
               

2

0 2 5 2 5 23 1 6 31 1 6 12 2 5

1
( ) = ( ) ( ) ( ) ( ),

2
iD L L D L L F iL iL F L L F iL iL

M
             

2

0 1 6 1 6 23 2 5 31 2 5 12 1 6

1
(2 ) = (2 ) ( 2 ) ( 2 ) ( 2 ),

2
iD L L D L L F iL iL F L L F iL iL

M
             

2

0 2 5 2 5 23 1 6 31 1 6 12 2 5

1
(2 ) = (2 ) ( 2 ) (2 ) (2 ).

2
iD L L D L L F iL iL F L L F iL iL

M
             

 
Let us introduce the new 4 components 

 

1 1 3 2 2 4 5 4 2 6 1 3

1 1 1 1 1 2 2 1
= , = , = , = .
3 3 3 3 3 3 3 3

L L L L              

 
Then the above system takes a new form (we write down it in matrix representation) 

 

 

1

2

0 23 1 31 2 12 3

3

4

1
= , = ( ) ,

2 3

ie
iD F S F S F S

M M




       





 (5) 

 
where 

 

 1 2 3

0 1 0 2 0 3 0 0 1 0 2 0

1 0 2 0 3 0 0 0 0 1 0 21
= , = , = .

0 2 0 1 0 2 0 1 0 0 3 02 2 2

2 0 1 0 2 0 1 0 0 0 0 3

i i
S S S

  

 

  

 

 

 

The last matrices obey the commutation rule 1 2 2 1 3=S S S S S , and so on; therefore, they 

may be considered as the components of the spin operator.  

Now we can generalize the non-relativistic equation (5) to the generally covariant form. 

The structure of that equation should be as follows (we start with the 6-dimensional form) 

 

2

0 6 6

( ) ( ) ( )

1
= [ ( )( ( ) ( ))] ,
2

1
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2
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where the generalized derivatives are determined by the formulas 
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0 0 0 [ ]0

( ) [ ]

1
( ) = ( ) ( ) ( ),

2

1
( ) = ( )( ( )) ( ) ( ), =1,2,3.

2

ps ps

ps

j ps ps

k k j j ps k

D x ieA x I I j x

D x e x ieA x I I j x k

 

 

     

     

 

 

The definition of the 6 large components remains the same, two linear constraints 

preserve their form as well. All algebraic transformations proving existence of only 

4 independent equations also are the same. The difference consists only in the new and more 

complicated expressions for generalized derivatives. Correspondingly, we obtain the generalized 

equation 

 

2 2 2

0 1 2 3 [23] 1 [31] 2 [12] 3 4

1 1
( ) = ( ( ) ( ) ( )) ( ) ,

2 2
iD x D x D x D x D S D S D S

M M
         

 

where the commutators [ ] = ( ) ( ) ( ) ( )kl k l l kD D x D x D x D x  are used. 
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SPIN 3/2 PARTICLE IN THE COULOMB FIELD, TETRAD FORMALISM, 

NONRELATIVISTIC APPROXIMATION 

 
In the present paper, we will study the nonrelativistic approximation for a spin 3/2 

particle [1–3] in the external Coulomb field. In [4] (see also [5; 6]), the nonrelativistic equation 

was derived from the relativistic Pauli – Fierz theory; in this case, the Cartesian coordinates were 

used and the presence of an arbitrary electromagnetic field was taken into account. In the present 

paper, the system of radial equations describing the nonrelativistic spin 3/2 particle in the 

Coulomb field will be obtained. Exact solutions are found in terms of the confluent 

hypergeometric functions, and the corresponding energy spectra are obtained. 

In [4; 5], the system of radial equations for spin 3/2 particle in absence of external fields 

was derived. The substitution for the wave function has the form [6] 
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